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Assuming Martin’s axiom MA, we deﬁne a homeomorphism between two strong measure
zero sets in the real line whose graph in not of strong measure zero in the plane. Using
Michael’s concentrated sets, we give also some reﬁnements of this result, and we describe
some singular subgroups of the group ZN.
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1. Introduction
Let us recall that a set A in a metric space (X,d) has strong measure zero if for any sequence 1, 2, . . . of positive
numbers there are sets Am ⊂ X with diameters diam Am < m such that A ⊂⋃m Am , cf. [6, Section 40, VI], [3,4].
If X is a compact metrizable space, all metrics generating the topology of X determine the same collection of strong
measure sets, as for any such metrics d1,d2 the identity map id : (X,d1) → (X,d2) is uniformly continuous. We shall prove
the following theorem, where MA stands for Martin’s axiom, cf. [3].
Theorem 1.1. Assuming MA, there are strong measure zero subsets A0, A1 of the Cantor set C and a homeomorphism h : A0 → A1
such that the graph of h is not of strong measure zero in C × C.
A classical construction of Sierpin´ski [11] provides, under MA, a function between strong measure zero sets in the real
line, whose graph is not of strong measure zero in the plane. However, we did not ﬁnd in the literature Borel functions of
this kind.
The proof of Theorem 1.1, given in Section 2, is based on some ideas from [9] (although the subject of [9] was different).
As in [9], this approach combined with a method of Michael introduced in [8] provides some reﬁnements of Theorem 1.1.
In particular, one can ensure additionally that all ﬁnite powers of A0, A1 in Theorem 1.1 are strong measure zero sets with
the Menger property, cf. Section 3. Michael’s concentrated sets are used also in the last section, related to a recent work by
T. Weiss [13] on some singular subgroups of the group ZN , Z being the integers.
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2. Proof of Theorem 1.1
We shall call a Cantor set any space homeomorphic with {0,1}N , cf. [5]. Let us ﬁx a Cantor set C and a metric on C
generating the topology, and let
(1) Q = C , Q = {q1,q2, . . .}, P = C \ Q ,
(2) Q = Q 0 ∪ Q 1, Q 0 ∩ Q 1 = ∅, Qd = C , d = 0,1.
We shall consider Cantor sets Ed and continuous maps σd : C × C → Ed , πd : Ed → C such that, for d = 0,1,
(3) σd({t} × C) = π−1d (t), for t ∈ C ,
(4) σd is injective on {t} × C , for t ∈ P ∪ Q 1−d ,
(5) π−1d (q) is ﬁnite, for q ∈ Qd .
To get such spaces Ed and the maps σd,πd , let us proceed as follows. For each n = 1,2, . . . we split C into ﬁnitely many
pairwise disjoint closed sets Wni , i m(n), with diameters of Wni not greater than 1n . Let Ed be the collection of singletons{(t, s)} with t ∈ C \ Qd and the sets {qn} × Wni with qn ∈ Qd . Since for each  > 0 there are only ﬁnitely many members
of Ed with diameters greater than  , Ed is an upper-semicontinuous decomposition of C × C . Let Ed be the quotient space
of the decomposition Ed and σd : C × C → Ed the quotient map. Then we have (4). Letting πd(σd(t, s)) = t we deﬁne a
continuous map πd : Ed → C satisfying (3). Moreover, if q = qn ∈ Qd , then since each σd({qn} × Wni) is a point, by (3) we
get also (5).
Finally, conditions (3), (4), (5) show that Ed is a compact metrizable zero-dimensional space without isolated points,
hence a Cantor set.
Now, MA provides a 2ω-Lusin set B in P , i.e., a set of cardinality 2ω whose intersection with every meager set in P has
cardinality less than 2ω , and let S ⊂ B × C be the graph of any surjection of B onto C . We set, for d = 0,1,
(6) Sd = σd(S), Zd = π−1d (Qd), and Td = Sd ∪ Zd .
Let us check that
(7) Td is a strong measure zero set in Ed .
It is enough to make sure that Sd is 2ω-concentrated around the countable set Zd , cf. (5), i.e., for any open in Ed set U
containing Zd , the set Sd \ U is of cardinality less than 2ω , cf. [3, 22 N (r)]. The set σ−1d (U ) is open in C × C and contains
Qd × C , cf. (3), (6). By compactness of C , the projection of (C × C) \ σ−1d (U ) parallel to the second axis is a closed set
disjoint from Qd , and the complement of this set is an open set W containing Qd such that W × C ⊂ σ−1d (U ). Since W is
dense in C , |B \W | < 2ω and hence, S being the graph of a function from B to C , |S \ (W ×C)| < 2ω . In effect, |Sd \U | < 2ω .
By (3) and (4), we have a homeomorphism
(8) f = σ1 ◦ (σ0 | S0)−1 : S0 → S1,
where σ0 | S0 is the restriction of σ0 to S0, and let Gr( f ) = {(z, f (z)): z ∈ S0} be the graph of f . We shall verify that
(9) Gr( f ) is not of strong measure zero in E0 × E1.
To that end, let us consider the diagonal map σ0 	 σ1 : C × C → E0 × E1, (σ0 	 σ1)(u) = (σ0(u),σ1(u)). By (3), (4), and (2),
for any distinct u, v ∈ C × C , there is d ∈ {0,1} with σd(u) 
= σd(v). Therefore, σ0 	 σ1 embeds C × C homeomorphically
into E0 × E1. Since the projection of S onto the second coordinate covers C , the set S is not of strong measure zero in
C × C . The inverse of σ0 	 σ1, considered on (σ0 	 σ1)(C × C), is uniformly continuous, and we conclude that (σ0 	 σ1)(S)
is not of strong measure zero in E0 × E1. Therefore, to get (9), it is enough to notice that Gr( f ) = (σ0 	 σ1)(S), as for any
z = σ0(u) ∈ S0, we have (σ0 	 σ1)(u) = (z, f (z)), cf. (8).
Now, to end the proof we need only some minor adjustments. Let us ﬁx homeomorphisms τd : Ed → C , d = 0,1, and
let us set Ad = τd(Sd), h = τ1 ◦ (τ0 | A0)−1 : A0 → A1. Then h is a homeomorphism between strong measure zero sets
A0, A1 in C whose graph Gr(h) = (τ0 × τ1)(Gr( f )) is not of strong measure zero in C × C , the map τ0 × τ1 being uniformly
continuous.
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We keep the notation from Section 2. We shall show that choosing the set B in the Cantor set C more carefully one can
ensure some additional properties of the sets A0, A1 in Theorem 1.1.
Our base will be the following modiﬁcation of Michael’s Lemma 5.2 in [8], taken from [9] (cf. also [1,2,10]).
Lemma 3.1. Assume MA. There exists B ⊂ P (see (1)) such that |B ∩ U | = 2ω , for every nonempty open U in C , and for each m =
1,2, . . . and any Gδ-set G dense in Cm, Bm \ G is contained in a union of less than 2ω hyperplanes xi = c and additionally, if m > 1, in
the set of points in Cm with at least two coordinates equal.
Before stating the next lemma, let us recall that a space X has the Rothberger property (respectively, the Menger prop-
erty), if for each sequence U1, U2, . . . of open covers of X there are Ui ∈ Ui (respectively, ﬁnite families Fi ⊂ Ui) such that




A space X has the Rothberger property if and only if X is a strong measure zero set with respect to every metric on X
generating the topology, cf. [4]. The Menger property is a classical covering counterpart to σ -compactness.
Lemma 3.2. Assume MA and let Td be any space deﬁned in (6), associated with a set B described in Lemma 3.1. Then each ﬁnite
power Tmd has the Rothberger property.
This lemma can be veriﬁed by a standard inductive argument, cf. [9, Section 5]. We shall omit also a proof of the
following lemma, which is essentially the part (ii) of Proposition 5.1 in [9].
Lemma 3.3. Assume MA and let B be a set described in Lemma 3.1. There is a surjection s : B → C such that each ﬁnite power of the
graph S of s has the Menger property.
We are ready now for a reﬁnement of Theorem 1.1. Let B be a set given by Lemma 3.1, let S ⊂ B × C be the graph of
a function from B to C and, using the notation from Section 2, let Ad = τd(Sd) and Hd = τd(Td) ⊂ C , cf. (6) and the ﬁnal
part of Section 2. Then, by Lemma 3.2, each ﬁnite power of Hd has the Rothberger property, and since Ad ⊂ Hd ⊂ C , Amd is
a strong measure zero set in Cm , for m = 1,2, . . . . If, in addition, S is chosen as in Lemma 3.3, we have also the Menger
property of each ﬁnite power of Ad .
4. Some singular subgroups ofZN
We shall consider the countable product ZN of the integers Z as a topological group with the pointwise addition and
the topology of pointwise convergence. T. Weiss [13] showed, answering questions from [7], that in some models of ZFC
one can deﬁne subgroups G , H of ZN such that
(i) G and H are strong measure zero sets with respect to the standard “ﬁrst difference” metric in ZN and no σ -compact set in ZN
contains G or H ,
(ii) G fails the Menger property,
(iii) H has the Menger property, but fails the Rothberger property.
The arguments of Weiss were combinatorial. We shall show that the topological approach described in previous sections
also provides similar results, in a bit more general setting. Let us recall that in an abelian group J , a set L whose elements
have inﬁnite order is independent, provided that for any distinct f i ∈ L, i = 1,2, . . . ,k, and mi ∈ Z, the equality m1 · f1 +
· · · +mk · fk = 0 implies mi = 0 for all i  k.
The following observation links Section 3 with the present topic.
Lemma 4.1. Let J = J0 × J1 be the product (algebraic and topological), of completely metrizable abelian groups such that J0 is not
locally compact and J1 has no elements of ﬁnite order and is not discrete. Then there is a closed independent set L in J homeomorphic
to the irrationals.
Indeed, a theorem of Mycielski, cf. [5, 19.1], provides an independent Cantor set F1 in J1, and since J0 is completely
metrizable and nowhere locally compact, there is a closed copy F0 of the irrationals in J0. Let e : F0 → F1 be an embedding.
Then the graph L = {( f , e( f )): f ∈ F0} satisﬁes the assertion of Lemma 4.1.
Now, let L ⊂ J be as in Lemma 4.1, and let us adopt the notation from Section 2. Let us consider S0 ⊂ T0 deﬁned in (6).
There is a homeomorphism γ : E0 \ π−10 (Q 1) → L, cf. (2), (3), and let 〈γ (S0)〉, 〈γ (T0)〉 be the subgroups of J generated by
γ (S0) and γ (T0), respectively. Since L is independent,
(10) 〈γ (S0)〉 ∩ L = γ (S0).
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set in J contains 〈γ (S0)〉.
Let S0 be deﬁned using a set B from Lemma 3.1, cf. (6). Then Lemma 3.2 guarantees that 〈γ (T0)〉 has the Rothberger
property, and therefore, 〈γ (S0)〉 is of strong measure zero with respect to any metric on J generating the topology.
To get the group G , we choose as S the graph of an arbitrary surjection from B onto P , cf. (1), and let G = 〈γ (S0)〉,
cf. (6). Then S maps continuously onto the irrationals P , hence fails the Menger property, and so does γ (S0). By (10), the
group G fails the Menger property.
Now, we choose S differently, as the graph of a function described in Lemma 3.3. Then each ﬁnite power of γ (S0) has
the Menger property, and so does the group H = 〈γ (S0)〉. On the other hand, S and hence also γ (S0) map continuously
onto the Cantor set C , and therefore fail the Rothberger property, cf. (6). By (10) the group H fails this property as well.
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